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THE GRITICAL COMPRESSION LOAD FOR A UNIVERSAL

TESTING MACHINE WHEN THE SPECIMEN ' -

IS LOADED THROUGHE EKNIFE EDGES

By Bugene E. Lundquist and Edward B. Schwartz

SUMMARY

The results of a theoretical and experimental inves-
tigation to determine the critical compression load for a
universal testing machine are presented for specimens
loaded through knife edges. The eritical load for the
testing machine is the load at which one of the loading
heads becomes laterally unstadble in relation to the other.
For very short specimens the critical load was found %o
be less than the rated capacity given by the manufacturer
for the machine. 4 load-length diasgram is proposed for
defining the safe limits of the test region for the machine.

e e

Although this report is particularly concerned with a

universal testing machine of a certain type, the basic
theory which led to the derivation of the general equation

for the critical loszd,

P = oL
cTr

can be applied to any testing machine operated in compres-

sion where the specimen is loaded through knife edges. In

tnis equation, I 1s the length of the specimen between
knife edges and « 4is the force necessary to displace the
upper end of the specimen unit horizontel distance relative
to the lower end of the specimen in a direction normal to
the knife edges through which the specimen is loaded.

INTRODUCTION

During the past several years, Qquestions hﬁve_arisen
regarding the stability of universal testing machines. It
has been observed that, during a compression test, the
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part of the machine which bears on the top end of the
specimen sometimes moves horlzontally in relation to the
part which applies 1load to the bottom end of the specimen.
Doubts naturelly arise as to the value of compression-test
data when this sidewise displacement. occurs. (See fig. 1.)

If the ends of the compression specimen are, in effect,
welded or rigidly attached to the machine, a horizontal
displacement of the top end of the spscimen wilth respect
to the bottom end involves an elastic distortion of both
the specimen and the machine. For this condition of the
ends of the specimen, the critical load at which the hori-.
zontal movement occurs for a centrally positioned specimen
is given by an equation that involves the elastic proper-
ties of both the testing machine and the specimen. If,
however, the ends of the compression specimen have knife
edges or frictionless pins through which the load is ap-
plied, this critical load is given by an equation that
involves only the elastle properties of the testing machine.

The present report is concerned with an experimental
and theoretical investigation of the more simple case in
which the load is applied through knife edges.

DERIVATION OF THE CRITICAL COMPRESSION LOAD FOR

THE TESTING MACHINE

Consider the testing machine shown in figure 2. The
structural elements of this machine involved in considera-
tions of stability are shown dlagrammatically in figure 3.

In the following derivation, the specimen 1s assgumed
to be centrally positioned in and centraslly loaded by the
testing machine. It is aleo assumed that the specimen is
loaded through knife edges and that.the specimen is suf-
ficiently strong not to buckle béfore the critical load
for the machine is reached.

The weighing platen of the {esting machline against
which the uprer end of the specimen bears is connected by
tengion rods to the base structure, which contains the
ram and loading platen against which the lower end of the
specimen, bears. The upper end of_the specimen ig there-
fore elastically restrained against horizontal movements
relative to the lower end of the specimen. Let the
following eymbols be defined as:
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o force necessary to displace upper end of specimen
unit horizontal distance relative to lower énd of
specimen in a direction normal to knife edges
through which specimen 1s loaded

w external horizontal force acting at upper end of
specimen to deflect the two tension rods equally

P compressive load on speclmen epplied bJ testing machine

L length of specimen between knife edges

In order to derive the equation for the critical com-
pression load of the testing machine, assume that the
machine applies a compressive load P to the specimen.
In addition, assume that an external horizontal force W
is also applied at the upper end of the speclmen. Under
the action of these forces the upper end of the specimen
will be displaced horizontally an amount § relative to -
the lower end of the specimen. The total side forece H,
which results in this deflection §, is the sum of the
external horizontal force W and the horizontal component
of the force in the specimen. Thus,

= 5, .
E=W+P % ) (1)

From the definition of ¢«

E = as (2)
Hence, .
a8 = W+ P % (3)
from which .
w
8§ = (4)
a - L
L

In the derivation of equation (4) the external hori-
zontal force W was introduced for purposes of analysis.
In the case under consideratior of a specimen centrally
positioned in and centrally loaded by the testing machine,
there 18 no external force W acting. TFor the case
of W =0, equation (4) shows that a deflection § is
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possible only if the denominator, « = % is gero. In a

perfectly centered column test, the uppéi end of the spec-
imen can therefore move horizontally in relation to the
lower end of the specimen when

—P:
a-£ 0 (5)

The value of P that satisfies this eguation 1s the
eritlical compression load for the testing machine,

P,p = QL (6)

The value of o 1s a function of the dimensions of
the testing machine, the position of the weighing platen,
and the load P through its effect on the stiffness of
the tension rodg., Because all materials have finitse
values for the modulus of elasticity, the valus of
will always be finlte. An important conclusion to be
drawn from equation (6) is therefore that, as the length L
of the specimen approaches zero, the critical compression
load at which the testing mechine becomes unstadle alsgo
approaches zero, even though «a will be larger when I 1is
small than when I 48 large. )

EVALUATION OF a

Theoretical evaluastion.- On the assumption that «a

o e e e

depends only on the bending properties of the tension rods,
the derivation in the appendix shows that, for P > 0,

a = L L (7)
® 1l

1 -
mb coth mb + 2(ka coth ka - 1)
a

For P = 0, this equation reduces to

6 EIb
a, = . - - (8)
q x Ibﬂ.
'b(l+--——
I b
a
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In equation (7), - —
2HEI
and T

=/?:§—""f§ ' (10)

The lengths a and b =are defined in figure 4. In ex~
pressions (2) and (10) the quantities 2EI; and 2EIy

are the combined bending stiffnesses of the portions of
the two tension rods of lengths & and b, respectively.
In the derivetion of equation (7)., it was assumed that

the tension rods were simply -supported at their lower ends
as well as at the flexure-plate support and that the ten~
sion force in each rod was P/Z.

It can be seen from figure 4 that, for a given posi-
tion of the loading platen, b 1is equal to a constant
plus the length of specimen L. Eguation (7) therefore
gives o in terms of the variables P and L. The the-
oretical curves determined by eguation (7) are plotted in
figure 5.

Experimental evalustion.- For the experimental deter-
mination of @, a compression~test set~up was used, with
the addition of a horizontal side load spplied to the
weighing platen symmetrically with respect to the tension
rods. The resulting horizontal deflections were measuared
by the average of 4ial gage readings on each tension rod.
The specimens were steel bars of rectangular crosS Section,
supported on knife edges and having buckling loads above
100,000 pounds, the capacity of the machine. Specimen
lengths were measured from knife edge to knife edge.

Before & test run was made, the specimen was centored
in the machine by shifting the grooved bars in which the
knife edges were seated. The dlal-~gage readings when the
speclimen was loaded to 100,000 pounds with zeroc applied
gside load were taken as a measure of the accuracy of cen-
tering, and the centering process was continued until fur-
ther shifting of the grooved bars produced no further re-
duction in these readings.

After the specimens had been centered, they were sub-
jeeted to azxlal loads from O %o 100,000 pounds in incre—
ments of 10,000 pounds, with two-values of side load W.
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If these two side loads are designated W, and W,
and the corresponding deflections are designated §,; and
82, the value of o for a given axial load P is ob-
tained from equation (3) with W replaced by (Wz; - W,)
and § replaced by (8§, - 8,). Thus, the experimental
values of o were computed from the equation

(8, - 8,)
W, -~ W
a = (We TUE L (11)
(tS;:7 - 81)

The experiﬁental valnes so determiped are plotted in
figure 5.

Correlation of the theoretical and experimental val-~

e . S e ey e

given length of specimen, thse variation of o with P 1ise
egsentially linear, both for the theoretical valuss of ¢
calculated by equation (7) and for the experimental values
calculated by use of equation (11). The failure to obtain
perfect agreement between the theoretical and experimental
values of o is cauged by the idealized assumptions made
in the derivation of equation (7) and the great difficulty
of selecting proper dimensions from the actual machine for
substitution in an eguation derived for an ldealized ma-
chine. The fact that both the theoretical and experimen-
tal valuses 0f o vary linearly with P suggests that =
straight line drawn through the experimental polints for
each specimen length would give the true value of a for
any load P. The true values of o are therefore assume
to be given by the straight-line equation :

a = a, + nP : : (12)

where the intercept «a, and the slope n are estadblished
for sach specimen length by the straight line drawn through
the experimental polints in figure 5.

EVALUATION OF P .

The criticael compression load for the testing machine
igs given by equation (8). According to equation (12) the
value of a 1is a function of the load P  on the testing
machine. The value of o -When the load on"the testing
machine 1s equal to the critical load is therefore given
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by equation (12) with P replaced by P,.. Substitution
of thieg value of @ 4in equation (6) gives

Por = (o, + 2P )L : (13)
from which
. aOL (14)
T e 14
B 1 - nL

The values of a, and n in equation (14) depend

upon the dimensions and elastic properties of the testing
machine and the specimen length L. TFor a particular
testing machine, the dimensions and elastic properties

are fixed. For eny machine, therefore, equation {(14)
gives the critical compression load as a function of spec~-
imen length L. The values of P., established from

equation (14) by use of the experimental data (table I)
are therefore plotted as ordinates against L as abscis~

sa8 in figure 6. As previously meationed, P, approaches

zeTo as L approaches zero. When I becomes large, Doy
approaches a constant value asymptotically.

DISCUSSION

During the useful life of & testing maciine, there

will probadly be some, if not many, compression tests made

in which the specimens are not perfectly centered in the
machine. In such cases the loads on the machine are ec—
centrically applied€. Ae the load on the specimen is ian-
creased, the effect of this eccentric loadirg of the ma-

chine is to cause a horizontal movement of.the upper end

of the compression specimen relative to its lover end from

the beginning of loading. I =< —

In order to show the effect of an initial deflection
8,» Which produces the same gemeral effect as an eccentric
l0oad on the machine, equation (4) is written in the form

= _
= —C - . 1p)
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By definition, .
5, = L (16)

By use of this relation and equations (12) and (14),
equation (15) becomes

5 = 50/' 3 - \ (17)
V1 - B
\ Fer

In equation (17) the quantity

igs a magnification factor because it shows how the initisal
deflection §, 1s magnified by the load P. In order

that the effects of an 1initial displacement not be greatly
magnified, the magnification factor must be small in each
compression test. The magnification factor will be small

if the value of P, the compression load on the specimen,
is small in comparison with Pop- 'or the proper use of

the testing machine, the compression load on the specimen
should therefore not approach to0¢ closely the critical

load for the machine. The load on the specimen should

also not exceed the rated capacity given by the manufacturer
for the machine. These two conditions establish a test
region ABC 1in figure 7 to which all knlife-edge compression
testes should be confined. The particular location of the
voint B is established by the maximum magnification fac-
tor considered permissible. Because, for very short spec-
imens, Pyy for the testing machine will always be less

than the rated capacity, the engineer using a testing ma-
chine must take the responsibility for itse proper use.

This responsibility may include the definition of the safs
limits of the test region determined by the location of
point B on the loasd-length diasgram for the testing machine.

In the case of long specimens, 1t 1s the responsibility
of the manufacturer to build into the testing machine a
value for Py, sevVeral times in excess of the rated capacity
of the Mmachine. Tension rods of large cross section and a
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machine of sturdy construction will insure g higa value
for Pep and will narrow the range of short specimen
lengths for which the user of the machine must exercise
judgment. A testing machine similar in design to the one
shown in figure 2 but with the addition of another get 9f
flexure~plate supports above the lowest level of the load-
ing platen should be much more dependable for compression
testing of short specimens. The foregoing recommendations
to improve the stiffness of the testing machine naturslly
suggest that reasonably close fits between parts are also
desirable. .

Langley Memorial Aeronautical Laboratory,
National Advisory Committee for Aéronautics,
Langley Field, Va.

AFPENDIX
DERIVATION OF THE THEORETICAL VALUE O0F «

By definition «, for a testing machine, is the force
necessary to displace the upper end of tke specimen unit
horizontal distance relative to the lower emnd of the spec-
imen in a direction normal to the knife edges_through
which the specimen is loaded. 1In the derivation that fol-
lows, it is assumed that the velue of a depends only on
the bending properties of the tension rods and that the.
tension rods are slimply supported at their lower ends and
at the flexure-plate supports.

Figure 4 shows the elastic curve of the two tension
rods considered as a single member. If a positive moment
M is one that produces compression in the fibers to the
left of the neutral axis end x and y are positive in T
the directions shown in figure 4, the different ial eguation
of the elastic curve of the two tension rods is

281 f—l—l (a 1)
dx ok : -

where 2EI _is the combined flexural rigidity of the tw
rods. Tor the case shown in figure 4, there are tvo
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different expressions for the bending moment and two 4if-
ferent values of flexural rigildity corresponding to the
two portione a and b of the tension rods. ©Equatilon
(4 1) must therefore be written for each portion. The
values of flexural rigldity for the rortions a and b
will be " 2BI; and 2EIy, respectlively. If the deflec-
tions for the two parts are denoted by Yo and Ty the

differential equation becomes, for -a <x < 0

-]

d
REI, cT—&-‘--—c—P(s—y)+Rx+H(b—x) (4
and for 0 < x <D
d.‘ay.b
ZEI-b E—'E—-— ~-P(8 ~ Y-b> + H(b - x) (4

From egquilibrium of moments, the reaction

r, = Ela t :) - _P3 (A

With this value of R,, equation (A 2) may be written

daya

_ Y X
ZEIa - = Pya +I(Hb P§) <1 + -a> (A
dx
With the notation
CR s
k™ = — (A.
and ZEIa
me = E_
2EIy

BEquations {4 5) and (A 3) may be written in the form

d ¥y b ~
& - k¥, = (Eb - F8) :k:a(l + E) (&
dx 2 | P. _ &

2)

3)

4)

5)

6)

7)
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dzy-b

ax®

2 = @ E 2(v - ' {a @
- n?y, = -n%8 + S (v x) (4 8)

L 1
The solutions of these differential equations are

S N
y. = A cosh kx + B ginh kx - LEE_:_E§1<1 + é) (A 9)
& P e

¥y = A' cosh mx + B! sinh mx + § - %(b - x) (4.10)

The four constants of integration A, B, A', and B!
are established by the following end conditions:

(va) _, =0 (4 11)
(:,ra)x=__&1 = 0 (4 12?
(Y'b)x:_o =0 (o 13)

<Ha_ =<‘3_”'_13 (4 14)
dx /S x—0 ix J x-0

With 4, B, A', and B! evaluated, equation (A 10) becomes
¥y = %(Hb - P§) cosh mx

r
15 1 _ _ - - K .
+ Pml_ a—(Hb P8)(ka coth ka-1) H} sinh nx P(b—x)+8 (A 15

For =x = b, ¥, equals the deflection §. With these values
of x and ¥y, 1inserted, equation (4 15) can be solved for

BE/8. By definition (see equation (2)), E/8 = a: equation
(4 15) then reduces to

1 N
o = % (see equation (7)).
1 - 1 -
mb coth mb + B(ka coth ka - 1)
a
For P =0, equation (7) Pecomes
6E1
Qg = = b (See equation (8).)
s Iba
b <1 4 02
Iab
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TABLE I

VLLUES OF P_, ESTABLISHED BY

THE EXPERIMENTAL DATA

%o B 0o = %o®
L (kips/1n,) | (insl) | 1l-nL (kips). | “er i~nlL
{in.) _ (a) (a) (kips)
0 - ——— 1l 0 0
5,750 21.96 0.05952 . 6003 126.3 210
10.875 11.76 04704 4884 127.9 262
26,875 3.26 02688 2776 87.6 316
36,875 1.82 02136 «RL23 67.1 316
50,875 .92 .01676 . 1473 46.8 318
) 8¥alues read from a large scale drawing of
figure 5. The unestablished values for L = 0 are

finlte,
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Figure 2.- The 100,000-pound-capacity universal testing machine in
the NACA structures laboratory.
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Tension rods

r\ S—  Weighing platen
\}- Knife edges
< Specimen
/ Loading platen
k\\\ J:f%:‘ é{/,/ Flexure plate
7 -

Bases casting

Weighing capsule

Figure 3.~ The structural elements of a
100,000 - pound - cepacity
universal testing machine, '

Fige 3
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Figure 4.- Tonsion rods in the deflccted position,.
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Figure 7.- Load—léngth diagram .for the testing machine.
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